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(3 oODUoODOUODOoOoOOUbOOOOn.

(4 00000O0,0000000000D000OOO0.

Notices
(1) This examination booklet consists of only question sheets. Use other separate sheets for answers.

(2) Select 4 questions among the following 6 questions. Answer the questions that you selected, but never fail to fill in the
Question Number in each answer sheet. Moreover, mark the Question Number that you have selected with a circle

in the Mark Column in the Table on the cover of the answer sheets.
(3) Return these question sheets with the answer sheets.

(4) You may use a ruler if you need one.
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00 1 (Question 1)
000 MDODOOO,MTOMOODODOOOODOOOOOO.

b1 1 0 10
0 V3 0
A= A= 1 V3 0 0
1 0 0 V3
1 0 0 1
0 0 1

ooo.
(1) 300000 ATAOODOO AL As,As (AL > X >A)0000.
(2) UT(ATAU=DD0O0O00000 PDODDOOUDOOOOOOO.
(3) (2)000O00000OUDOU=(uuuz) 000,
v1 = Auq, vo = Aus, v3 = Aug

000.v,0 ATy, =0000000000000000.4000000 vy,ve,v3,v,0000 4x400 AATOO
goooboobooooobooo.

(4) {vi,vy,v3,v,}) 0 R* 0000000000000,

For a real matrix M we denote the transpose of M by M7T.
Let

1
0
3
V3 /3
0
0
0

AT =

)

S = O =
= o O =
— =
S O =
_ o O

(1) Find the eigenvalues A1, A2, A3 (A1 > Ay > A3) of the 3 x 3matrix AT A.
(2) Find a pair of a diagonal matrix D and an orthogonal matrix U such that UT (AT A)U = D.

(3) Let us write U = (uj uz u3) and let

v = Aul, Vo = A’LLQ, V3 = A’U,g.

Take a nonzero vector vy satisfying ATv, = 0. Show that all of the four vectors vy, vy, v3, vy in the 4-dimensional

real vector space R* are eigenvectors of the 4 x 4 matrix AAT.

(4) Show that {vy,vs,v3,v4} is a basis of R*.
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00 2 (Question 2)
20000 f(z,y) =e"log(l+y) 0000000000000

(1) f(z» O0DDOOOOOOD3000000000

(2) 00 a0bDO
2

f@&ﬁ*yfgffxy_

. 2
1 =1
(m,y)l—>rn(0,0) ax? + by2
gooooooood
Let f(z,y) be the function e” log(1 + y) of two variables.
(1) Calculate the Maclaurin polynomial of order 3 for f(x,y).
(2) Find the constants a, b satisfying
2
x
flay) —y— 5 —ay

=1.

.
(x,y)lin(0,0) ax? + by?
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00 3 (Question 3)
0000 XO0Obooooboooboobooobo

— %) —
r={07 55

(1) 00 ¢c000000000 Fy(z)=P(X<z)0DOOOO
(2) E[X] 000 Var[X] DOOOO
(3) 0000 YO Y=eX0000000000000 YOODOOOOO fy(y) 000000

(4) 0000 Zz0O0 Z=X?20000000000000 20000000 fz(:) 000000

Let X be a random variable with the following probability density function:

c 71’2 — T
fx(x){(l ) —l<z<1

0 otherwise.
(1) Find the constant ¢ and the cumulative distribution function Fx(z) = P(X < z).
(2) Find E[X] and Var[X].
(3) Suppose that a random variable Y is defined as Y = eX. Derive the probability density function of Y, fy (y).

(4) Suppose that a random variable Z is defined as Z = X?2. Derive the probability density function of Z, fz(z).
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00 4 (Question 4)

gooboooobooobgoo,1bobbdboboobo0bUo bbb oobUobooOo. D0, 0O bonoo
ooooooo,1000b00o0boobooogoo0. 0o00o, 00 1v2000000,0000 1500000000
00.000,00000,000 0000 ¢?°0000000000000000O00O.

(1) % 00000000.
(2) D000 H,OOOO.O00,00005%000000000000000007

(3 ODO0U0DOO0O0O0O0UDO0OO0,000000D000O00O0OUDOOOO.

gob,gbgoboobbo¢soaobooboa,boboobodabog.

The maker of a certain model car claimed that his car averaged at least 16 kilo meters per litre of gasoline. A sample
of ten cars was selected and each car was driven with one litre of regular gasoline. As a result, the sample showed a

mean of 17.2 kilo meters with a standard deviation of 1.5 kilo meters. It is assumed that this sample came from a Normal

distribution with unknown mean p and unknown standard deviation o2.

(1) Find a 95% confidence interval.

(2) State the appropriate null hypothesis Hy. At the o = 0.05 significance level, what do you conclude about the maker’s

claim?
(3) State the conclusion of a hypothesis test as the sample size is increased.

The upper tail probabilities of the student’s ¢ distribution table are given below.

Table. Significance level «

0.0000 «
Degrees of Freedom
ood 0.05 0.025
9 1.833 2.262
10 1.812 2.228
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00 5 (Question 5)
0000 XO0O0O0OOUOOoOoO |X|oooooooao.

(1) 0000 Ay,45,A3,A,0000,000000000.
A1 U A2 UA3 U Ayl = |Ag| + |A2| + |As| + | A4l
—|A1 N Ag| — A1 N As| — |[A1 N Ay — |Aa N Ag| — |Aa N Ay| — | Az N Ayl
+HAI N Ay N A3+ A1 N Ay N Ay| + |A1 N Az N Ayl + [Aa N Az N Ay
—|A1 N As N Az N Ayl
00000 X1,Xe, X3 0000000 |X1UXe|=|X1]+|Xe| — | X1 N X2, |X1UX2UXs|=|X1]+|Xz|+|Xs]
—XiNXe| - | XiNX3|— | XoNXs|+|X1NXaNX3| 0OODOO0DDO0OD0O.O

(2) A={1,2,3,4}, B={1,2,3,4,5)000. 0040000 ¢1,¢3,¢3, 00000000000 f:A—BOOOO

goog.
e f(l)y=2 ca: f(2)=3 es: f(3)=2 ey f(4)=4

(1) ADD BOOOOOOOOOOSO0O00. |$|jo0o0o.
(22) 0i=1,2,3,40000,00 000000 f:A—-BOODODODOD ¢;000.|¢,|0000
(2-.3) 00000000,

(CL) \ClﬂC’2| (b) |01003| (C) ‘ClmOQOC;ﬂ (d) |Cl ﬂC2004|
(2-4) 40000 ¢, ¢, ¢3,¢4,00000000000 f:A—-BOODOOOOO.

For any finite set X, | X| denotes the number of elements in X.

(1) For finite sets Ay, Ag, A, Ay, prove that

A1 U A3 UAsUAs| = |Ar| + | As| + | As| + | Ad]
—‘Al ﬂA2| — |A1 ﬂAg,| — |A1 ﬂA4‘ — |A2 ﬁA3| — |A2 ﬂA4| — |A3 ﬁA4|
A1 N As N Ag| + A1 N As 1 Ag| + A1 N Ag 1 Ag| 4 | A2 N As 0 Ay
CAL N A0 Ay N Ay

(You may use without proof the following formulas for finite sets X1, X2, X3 : | X1 U Xo| = | X1] + | X2| — | X1 N X2,
[ X1 UXoUX3| = |X1]+ | Xao] + | X5 — | X1 N Xa| — [ X1 N X3| — | X2N X3]+ | X1 N X2 N X3))
(2) Let A = {1,2,3,4} and B = {1,2,3,4,5}. Let us find the number of one-to-one (injective) mappings f : A — B
which satisfy none of the following 4 conditions ¢y, co, c3, ¢4.
e f(l)y=2 e f(2)=3 cz3: f(3)=2 cy: f(4)=4
(2-1) Let S be the set of all one-to-one mappings from A to B. Find |S|.
(2-2) For i =1,2,3,4, let C; be the set of one-to-one mappings f : A — B which satisfy the condition ¢;. Find |C}].
(2-3) Find the following numbers.
(CL) ‘C1002| (b) |01003| (C) ‘01002003| (d) |Cl ﬂC2004|

(2-4) Find the number of one-to-one mappings f : A — B which satisfy none of the 4 conditions ¢, ¢, ¢3, ¢s.
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00 6 (Question 6)
000 index D XOODOOD0O key OO left O Oright 000000 key[X], left[X], right[X] 0 0 0 O

(1) ODO0indexOOOOODOOOOOOOOOOOOODODOOO

(2) 0D0O0O0O0OU0OODOO0O00O0OO0O0OODO0O00OD0O0OO0MO0O000000DNO0O0000 400000000000
indexJ0OOOOO0ODOOOOODOOOODOOOODOOOODODOOO0OD keyOODOOOO

(3 U0O0O0O0OUOOO0O0OU0UOOO0O0UOO0ODO0OUUO0OOkeyOOODODDOOODODODOOOOODOOOOODOOOOO
00000000 (2)000000 10000000000000000000n0000 indexOOOOOOOOO
oood

(4 (3)0000U000COOO0ODOOO0O0OO0OUUO0OOCOOOOO0OO0OOOUUOO0OUOUO0O0O0O0O0OOOOUOUODOOOOO
OO00000D0000 indexOOODOOOOpushOOOOOOOO0ODODODOOOO0D0 indexODOOOOOODODOOO
OnllOOO00O0O0popOO0O0O0ODOODOOODOO

Assume that key[X], left[X], and right[X] are key, left, and right value of the record at index X in Table, respectively.
(1) Draw the binary tree rooted at index 1 that is represented by the fields in Table 6.

(2) There are four ways to traverse a tree, which are so called “pre-order”, “in-order”, “post-order”, and “level-order
(breadth-first-order)”. Write the results of each of the four traversals from index 1 of Table.

(3) Figure draws a pseudo-code of a liner-time recursive procedure that prints out the key of each node. Choose the

name of this traversal from the four traversals in (2).

(4) Write a liner-time non-recursive procedure that prints out the key of each node in the same order as the procedure
drawn in Figure. Use a stack as an auxiliary data structure. Assume that the stack has “push” function whose input
is an index value. Also, assume that the stack has “pop” function that outputs an index value if there is a data while

it outputs null if there is no data.

Table
ind k left ight
Iln = Sey 3e ;Ig print-tree(n) {
2 15 null 6 if(n!=null) {
3 4 5 7 print(key[n]);
4 15 5 null print-tree(left[n]);
5 2 null null print-tree(right[n]);
6 18 nul | null ) }
7 6 nul | null
8 10 null null _
9 14 8 6 Figure
10 5 nul | 5 Y
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() DODO0UO0O0O0O0D. 0000000000 OU0O0DOOoUoDO.

(2 00 105000030000000000000. D00000O,006000000000. D0000OOOOOO
gooooooooooboob,0obooogooooboobobobooobo. oL, 00boboobo,0boboboooon
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(4 000000,0000000000000DOO0OO.

Notices
(1) This examination booklet consists of only quesion sheets. Use other separate sheets for answers.

(2) Select 3 problems from Question 1 through Question 5 and answer these questions. Also answer Question 6 in
addition to the selected 3 questions. Never fail to fill in the Question Number in each answer sheet. Moreover, mark
the Question Number that you have selected with a circle in the Mark Column in the Table on the cover of the answer

sheets.
(3) Return this examination booklet together with the answer sheets.

(4) You may use a ruler if necessary.
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00 1 (Question 1)
ooo (1)-(3)0oooo.oo, s, 000000ooooooooooan.

g - S1 So S3 S4 S5 S6

“\ 1/16 4/16 3/16 2/16 4/16 2/16
(1) $, 0000000 H(S,) 0000000, 00,0000 log,3~1.60000.
(2) S, 000000000000000 Lg, 000D.

(3 00000000000 S0000,00000000 H(S)O SO000000200000000000 Lg0O0OO
000000000000, H(S) < Lg

Answer the following questions (1)—(3). Let S, be a stationary memoryless information source as follows.

g - S1 So S3 Sy S5 S6
“\ 1/16 4/16 3/16 2/16 4/16 2/16
(1) Calculate the numerical value of entropy H(Sy) of S;. Here, use log, 3 ~ 1.6 if necessary.
(2) Obtain a Huffman code for S,, and its average code-word length Lg, .

(3) For any stationary memoryless information source S, let H(S) and Lg be the entropy of S and the average code-word

length of a binary instantaneous code for S, respectively. Show that the following inequality holds. H(S) < Lg
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00 2 (Question 2)

(1) 00000000000 G=(N,7T,P,S)00000000000000NDOOOOOO0O0000007000000
00000POOOOO0DOOO0O0OS (eN)00000000000000000000 G;000 ax(a+axa)0
000 (00O0)o0000

G
Py

({E7T7F}7{a7+a*7(a)}vplaE)
{E-E+T, E=-T,T—>TxF, T—F, F— (FE), F—a}

(2) 00 Ly ={w|w=wRwe{eb}*} 000000000000000. 00000000 L, 0000000000
000000000000000wR0000 w000000000000w = abachD 000wk =baaba 0000

(3 00 Lg={a,b}* - L, 0000000000000 OO0OO0OOUOOO0 Ls00000000O0OO0UOOOOO

() 0000000000000 DO0OO0OO0OUDOOOOOD

(1) Generally, a context-free grammar is defined by G = (N, T, P, S), where N is a finite set of non-terminal symbols, T

is a finite set of terminal symbols, P is a finite set of production rules, and S (€ N) is the start symbol. Write a

derivation tree (parse tree)

(2) Give a context-free grammar that generates language Lo = {w|w = w

G1
Py

of string a * (a 4+ a % a) for the following context-free grammar G .

({E>T7F}7{a7+a*7(7)}7P17E)
{E—-E+T, E—-T,T—>T«+«F, T—F F—(E), F—a}

R w € {a,b}*}. Explain the grammar you

designed generates Ly correctly. Here, w’ represents the reversal of string w. For example, if w = abaab, then

w? = baaba.

(3) Give a context-free grammar that generates language L3z = {a,b}* — Lo. Explain the grammar generates L3 correctly.

(4) Describe the significance of context-free grammars in computer science.
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D1DDDDD,DDm@quDDDDDDD,%+§DDDDDDDDDDDDDDCDDDDDDDDDDD.DD
000000000 0000O0O0oon.

(1) 000000000000 fraction0000000000O00O0O0OO. fraction0000 A, BOOOOOOOOOO
0040000000000 Statement 1000000O.

(2) DO0O0Oc(=A+B)00000O0O0O0 Statement 200000 cOOOOOO0OO Statement 3000000.

(3) 00 main000000000O000 A BOODOUOOOOO,00000 malloc0000O0D0D0O0OO0OOO0ODOOODO
gooooobooog.

Figure 1 shows a part of C program which inputs integers a, b, ¢ and d in this order and outputs the value of 4 + g in
the form of irreducible fraction.

(1) This program represents each fraction as a composition of fraction type. Complete Statement 1 which substitutes
four integers given from the standard input into two variables A and B.

(2) Complete Statement 2 which calculates the numerator of the irreducible fraction C(=A+B) and Statement 3 which
calculates the denominator of the fraction C.

(3) In this program, two variables A and B are used to store input fractions. Modify the main function so that it dynamically

allocates memory using malloc function and stores the input fractions to the allocated dynamic variables.

#include <stdio.h>
typedef struct int numerator; int denominator; fraction;
int gcd(int x, int y) {
while (x !'= 0 && y != 0)
{if &>y) x=x%y; elsey =7y %zx; }

if (x > y) return x; else return y;

void main(void) {
fraction A, B, C;
[ Statement 1 ]
[ Statement 2 ]
[ Statement 3 ]

printf("%d %d\n", C.numerator, C.denominator);

Figure 1
01
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0100000000000000200000000000. 000000000 2000,0000 (Q1,Q)0 A=/(0,0),
B=(0,1),C=(1,0000000000.

(1) 0 300000000.00000000000000000000000,O04d000000.
() (1)000D0O0O0O000,04000000000.
(3) (2)0000000000,X,Q,,Q.00000000000000 D0 D,000.

(4 (3)0000O00UDODO,02000000000 Comibnational CircuitDd ANDOOO,OROOO,NOTOOOOO
oooooo.

Let us design a sequential circuit in Figure 2 that implements the state machine in Figure 1. We use two flip-flops with
outputs (Q1, Qo) such that A = (0,0), B = (0,1), and C = (1,0).

(1) Write the truth table in Figure 3. You should use “don’t care” if it is applicable, and should write “d” for “don’t

care.”
(2) Write the Karnaugh maps in Figure 4 using the truth table in (1).
(3) Show the simplest formulas of D; and Dy by the sum of products of X, @1, and Qo using the Karnaugh maps in (2).

(4) Tlustrate a combinational circuit in Figure 2 using AND gates, OR gates, and NOT gates from the formulas in (3).

X=0 X=1 Lo oL N
O O
@X = 1X = 1@ RST Combinational
- - Circuit
w~ Do QO -
W CLK
RST
X=0 — |
CLK RST X
Figure 1: State machine Figure 2: Sequential circuit
0100000000 0200000
XQ1Qo | DiD Q1Qo Dy @1Qo Do
00 01 11 10 0o 01 11 10
000 X X
001 0 0
010
: 1 1
Figure 3: Truth table Figure 4: Karnaugh maps

g3oagno 04000000
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O0¢+>000000000000 fy)O000ODO0OODODOOOOOOOOO.

LI (1)) = F(s) = / " ft)etdt
o000 sgoooooo.

t (t>0)
(1) 0000000 pt) = D000O000 Lpt))o0oO.
0 (t<0)

(2) E{d{i(tt)]st(s)—f(O)DDDDD.
(3) 00 f()=32+5t—2 00000000000,

The Laplace transform of a function f(t) defined for all real numbers ¢ > 0 is given by

CIf(t)] = F(s) = / " ft)etr,

where s is a complex number.

t (>0
(1) Find the Laplace transform L[p(¢)] of the unit ramp function p(t) = (t= .
0 (t<0)
af(t
(2) Show £ [J;(t)} — sF(s) — £(0).

(3) Find the Laplace transform L[f(t)] of a function f(t) = 3t + 5t — 2.
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obooooooo4000000C0000D00O0. 0DOO0OO0OO0OOOO0OOObOOOOOO,00000b0000000O00DOO0O
o,0bo0boogoboo,obooogbotb 40000000000, D0000ODODOOOODO.

Describe the outline of your B.S. or B.E. study in approximately 200 words. If you have never been engaged in it, then

choose an undergraduate subject you are interested in, and explain, as well as its outline, why the subject interested you

in approximately 200 words. Write your answer on the answer sheet.



