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FTRTCOMBICHE L TLZEWN,
RIE RIS AR ¥ HICEIRL 5,
BRD2VWEARHLZELRD ZGERFEETFTTLIEE N,

Notices

1.

2.

3.

There are 5 question sheets including a front sheet.
Fill in your examinee’s number in the specified positions in this cover and each question sheet.
This examination booklet consists of only question sheets. Use other separate sheets for answers.

If the space is exhausted, use the reverse side of the sheet and write down “to be continued” on the last line of the

sheet.

. Answer all the questions.

Return these question sheets together with the answer sheets.

Raise your hand if you have any questions.
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/& 1 (Question 1)

(1) M3 1 XHBER Mz = bBER 3. =KL,

11 7 zy -7
M=12 1 a®+1|, = |z2|, b= |6a
3 2 17 z3 11

ThH5.
(1-1) HEL 1 REBRSEE—2DOME DD L5 o DEEED K.
(1-2) B 1 RABRBMBE RV E ST a DEZED £.
(1-3) L 1 RABAHERICS 02 oL ¥, B 1 XABEROMERD X.
(1-4) M = P+Q ®ifi/=F X 512, MIMTHI P L RAUTHIQ 2D . BB, P QI P=P2iQ=-Q
BT %, ThEhNFMTAl L ZRITFI e Eh 5. 2 2T, 'RIBESTHI R OEBEH 5b 7.
(2) A ZNFTHI, B 2ZRYTHIL T 3.

(2-1) ADERIOL =, AP INPMTFITH 5 Z L 2R,
(2-2) B (2n+ 1) REATFIOL ¥, BOTSHIRIZ0THB Z L 2RE. REL, n>1 ZEAKTH3.

(1) Consider a linear system Mx = b, where

11 7 z1 -7
M=12 1 o?+1|, = |22|, and b= |6a
3.2 17 Z3 11

(1-1) Determine the value of a for which the linear system has exactly one solution.
(1-2) Determine the value of a for which the linear system has no solutions.
(1-3) Solve the linear system when it has infinitely many solutions.

(1-4) Find a symmetric matrix P and a skew-symmetric matrix @ so that they satisfy M = P + Q. Here,
P and Q are called symmetric and skew-symmetric matrices if they satisfy *P = P and !Q = —Q,

respectively, and ‘R denotes the transpose of a square matrix R.
(2) Let A and B be symmetric and skew-symmetric matrices, respectively.

(2-1) When A.is invertible, show A~! is a symmetric matrix.
(2-2) When B is a (2n + 1)-dimensional square matrix, show the determinant of B is 0. Here, n > 1 is an

integer.
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il 2 (Question 2)

AT D 2 BB EE XD,
r+y

flz,y) = PR
(1) f(z,y) OFRKEZKD L.
2) (z,9)=(,0) 2 (1) DEAEEZEZHEE TS, LTOMBBPERD &

. f(l'ay)“f(a;ﬁ) )
@y)=(@8) /(z — )2 + (y — B)?

Consider the following function of two variables:

__ Tty
f(z,y)—— Z'2+y2+1

(1) Find the maximum value of f(z,y).

(2) Let (z,9) = (@, 8) be a maximum point of the problem (1). Evaluate the following limit.

lim f(x,y) —f(Ol,,B)
i ries) /(@ — ) + (y - B
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I8 3 (Question 3)

(1) FEADOHERER X BRDEIR/AFX—F A 2 bOBEIHEBIHI bD LT3,
Fx(z)=1-e%, (z>0).
7L, N BIEERTH B,
(2) HEREH X OV L 3ERD X,
(b) i=+—1 &Lt ¥, X DRERS o(u) = E[e™X] 2RD X,

(2) X &Y BENEFNRERDM Fx(z), Fy(y) 2 b OMUIBHRERTHD, X +Y OEEIHEZRDOL ) e
AFNF 2 ATt BRI HBTEET 5.

P(X+Y <¢) =//+ <Ede(ac)dFy(@,/)-
TTYs

(@) X LY BZNEFNFA—D AT XA—F X\ 2 b OB LEEHRERLTHLE, X 1+Y DHERFEEE
BeRD X,

(b) X &Y BENFNNRTA=F M, Ao (M1 # Xo) B O DML EEHERERLTELE, X +Y Ok
REEBEBERD &,

(1) Let X be a non-negative random variable having the following exponential distribution function with

parameter A.
Fx(z)=1-¢e**, (z>0),

where X is a positive constant.
(a) Derive the mean and variance of the random variable X.
(b) Let i = v/—1. Derive the characteristic function of X, ¢(u) = E[e’™X].

(2) Let X and Y be the independent random variables having the probability distribution functions, Fx(z)
and Fy-(y), respectively. For the probability distribution of X + Y, define the Stieltjes convolution

PX+Y <€) = j / AP @aFr ),

(a) When X and Y are independent and identically distributed exponential random variables with pa-
rameter ), derive the probability density function of X +Y.

(b) When X and Y are independent exponential random variables with parameters A1 and Az (A1 # A2),
respectively, derive the probability density function of X +Y.
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féiRE 4 (Question 4)
#BEG Y G LOTEEE THLT, UFD ()~(v) £#7=T (G, ) RBLIER.
(i) TRTDa,be GRMLT, a-be G EHkT.
(i) TRTDa,b,ce GRMLT, (a-b)-c=a-(b-c) BT
(i) H2 e c GHFELT, TRTDe€GIENLT, a-e=e-g=a %27
(iv) TRTDac GRNLT, a-b=b-a=c kLT becGBHFETS.
(i) 1B 2 e BB (G,)) DEMTL LR, 20X E, UTOMWIREZ L.

(1) #&8 X ={1,23,4}, Y ={1,2L R LTEf: X >V 2, f(1)=1,f2)=2fB3)=2, f(4)=1 L&
BXNBHrE, OB FRLESTHILED, BIX.

(2) B (G,) KBV, B :G~G%, 559G IHLT f(z) =g -z LERT 5. BN f BRHHTD
3y R L.

(3) (G, ) BELU (Hyo) #BrT3. B[ : G- HITHMLT, TTD2,y€ G T f(z-y) = f(z)o f(y) #
Yo T3, (G,) DEfiTTeg ¥ (H,0) DEATT ey ITMLT, fleg)=en Y785 T RARE &

(1) BROBEZBIVZ LONE + THLT, (Z,+) 3BTH2. 3OEROEEE3Z LTS, (Z,+) 5B
THBTEFALT, (32,+) B Briks I 2HEREE L.

For a set G and a binary operation -, (G,") satisfying (i}—(iv) below is called a group.
(i) For all a,b€ G, wehavea-be G
(i) For all a,b,c € G, we have (a-b)-c=a- (b-c).
(iii) There exists e € G such that for all a € G, we have a-e = e a = a.
(iv) For all a € G, there exists b€ G such that a-b=b-a=e.
The element e in the above (iii) is called the identity element of group (G, ). Answer the following questions.

(1) For sets X = {1,2,3,4} and Y = {1,2}, function f: X ~ Y is defined by f(1) = 1,f(2) =2, f(3) = 2,
and f(4) = 1. Answer whether the function f is a.bijection or not.

(2) For a group (G, -), function f : @ — @ is defined by f(z) = g - = for some g € G. Prove that the function
f is a bijection.

(3) Let (G, ) and (H, o) be groups.’ For function f : G — H, assume that f(z-y) = f(z)of(y) for all z,y € G.
Prove that f(eg) = eg, where e and ey are the identity elements of (G, -) and (H, o), respectively.

(4) (Z,+) is a group, where Z is the set of integers and + is the addition on Z. Let 3Z be the set of multiples
of 3. Prove that (3%, +) is a group, using the fact that (Z, ) is a group.
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1. ZOMBEAIREE S IKDD £,

2. BB LUBR—DIT, RBEEFESERLALTIEI WY,

3. ZHUIMERAKT Y, MEEBIMOBERRICEEA L TIZ I W,

4. EHNESZhRVE X)X, FUAROEEZAALTIHBVERA. L, ZoHEE TBick) RYLiLAL
THMCHR L2239 5 XL TLEEW,

5. S 1~6 OHFH 5 IEEBIRLTHEE LT E IV, ZHUIMAT, ME 7 TEEL T TV, BEXMEESIECL
ATWETHBVERAY, BTHERSEML TREL TRV, 45, BRULMER, RERERKOR
FMICOEIE I T E & W,

6. FIREAHAIMAE AR L ¥ B ICEIXL £,

7. BEH 5 WERERED D BHERFRETTLEEW,

Notices

1. There are 9 question sheets including a front sheet.

2. Fill in your ekaminee’s number in the specified positions in this cover and each question sheet.

3. This examination booklet consists of only question sheets. Use other separate sheets for answers.

4. If the space is exhausted, use the reverse side of the sheet and write down “to be continued” on the last line of the
sheet.

5. Select 3 quéstions from Question 1 through Question 6 and answer these questions. Also answer Question 7 in
addition to the selected 3 questions. Never fail to fill in the Question Number in each answer sheet. Moreover, mark
the Question Number that you have selected with a circle in the Mark Column in the Table on the cover of the answer
sheets.

6. Return these question sheets together with the answer sheets.

7. Raise your hand if you have any questions.
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fé/E 1 (Question 1)

2THEEREN 1 ICRT. ROM (1)-8) REXE. REL, X KB 3TLEHBESEY P(z) =71, P(z)=1-r
23535,

A
B 1: 2 JLEEEE
(1) E1OBEBTIIERE.
() E1iBWT, W% Pay,1) BRUP) 1T X - e r BAVTRD L.

(3) E1icBI2HERERI(X;Y)2_52A—K e L r BAVTEE,

Fig.1 shows a binary channel. Answer the following questions (1) - (3). Here, probabilities of symbols in X are
P(z))=r, and P(z3) =1—r.

3:2"—T—‘—>y2

Fig.1: Binary channel
(1) In Fig.1, show the channel matrix.
(2) In Fig.1, show the following probabilities; P(z1,y2) and P(y:) using parameters e and r.

(3) In Fig.1, obtain mutual information I(X;Y’) using parameters e and r.
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fERE 2 (Question 2)

FHRL Tl hoH 3,48 —> Pll.m] DB FTRTRET 2MEL XFHRAME LIRS, flziE, B1
M & 512 T = aaabaaabc D 2 XFHE 6 XFHDNMEBIZ P=aab 2RO 2WETH 2. UTOMWIZEZR L.
(1) 7% A } T = aaabaaabc ¥ $%—> P = aab 2%t LT Naive-Algorithm(7T. P) #5475 3 & & DX 55
HeEESIZEL, R EET.
(2) n XFDFXRAMT ¥ m XFDRE—> PIZiT 5 Naive-Algorithm ORI EEZRE.
(3) 3DDNFF| P = aab, Q = abc, BLU R = aaa ZREAUINL T, KATERENS #[1), =[2], =[3] %
Rk, 7271, ¢>0MLT P, BXFS P OKEEIORE ¢ OHIHNE T 5.
wlg] = max{k: k < ¢ 2 P,OXHI LR E k OBFH L EE» SRE kL OWAFAD—HT 3 }
(4) PizRLTRD= 7 %S 742V X%k Prefix-Algorithm(T. P,7) IZR3. (1) EALETFFRA LT &8
& —> Pzt LT Prefix-Algorithm #5753, i SELTR2L EDi & g DEZFIEE L.
(5) nXFOTFFAPT & mXFDRX— PIZH$ % Prefix-Algorithm OREFEEZHER L.

The problem of findig all occurrences of a pattern P[1..m] in a text T'[1..n] is called the string-matching problem.
For example, as shown in Figure 1, the problem is to find the pattern P = aab at the second and sixth character

positions in the text T = aaabaaabc. Answer the following questions.

(1) Show all comparisons of two strings and count the number of ‘comparisons while running Naive-
Alg'orithm('I’, P) for the text T = aaabaaabc and the pattern P = aab .

(2) Show the time complexity of Naive-Algorithm for the text T of length n and the pattern P of length
m.

(3) Find the values n[1], [2], 73] defined by the following equation, for each of the three strings: P = aab,
@ = abc and R = aaa. Here, P, denotes a substring of length ¢ > 0 from the beginning of string P.
=lg] = max{k : k < ¢ and, equal two substrings of length k. one from the beginning of string 7, the
other from the end of P,}.

(4) The algorithm using = for P is shown in Prefix-Algorithm(T, P, 7). The same text T and pattern P as
(1) are given to the algorithm. Show all pairs of i and ¢ values when the value of 7 changes.

(5) Estimate the time complexity of Prefix- Algorithm for the text T of length n and the pattern P of length

m.
123456789 Prefix-Algorithm(T", P. )
T=aaabaaabc n = T.length
m = Plength

X 1 (Fi 1
1 (Figure 1) 4=0

fori=1ton

Naive-Algorithm(T’ P) while ¢ > 0 and Plg + 1] # TVi]

n = T.length

q=lg]
nf = R.Iength if Plg+ 1] == T'i]
fori=1ton—m+1 g=g+1
lf P[l..7n] == T['I...‘I. +m — 1] if qg==1m

print P occurs at position 7 in T™ . i L o .
print “P occurs at position 7 —m'+1in 17

g = 7lq]
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!
nEOREZ SO0 k EEIBEOR 3 .0 LREEN, O = (—n—_llm TROBILHTES. %k
Ol=1t7%5.

(1) 2Cr BRAINVDO=ZAFEAVTHRDZ Z LHTES. Listing 1 1R LB ptoc id, BHID 10 kD
RABND=AEERER - HAT23DTHY, k<nbronBd3HEAANDES, FRENEZAZIHILD
ZAROFL LB TRE Lz & k IIHET 2 ,C, DEZROFTEY. Listing 2 1%, B8 ptoc 23
HFTBRAINDZAFBERLTWS, ULTFTOMWIZEZ X.

(la) 1Co BEXU 30, 2R X,

(1b) BE¥iptoc TRDBZLMBTES ,C, OFT, BRELZOLEDn BIXUk2EX &.

(1c) Listing 1 @ (1c-1) M%ZHED T, B ptoc DEDE (,,C, OMH) 2FEY L.

(1d) B#ptoc TiF, HBESN/zn BIUkIIHLT, FMERHE L X EVEAZLTWS. T OMEELH

W5 X512, 7,10, 11, 13, 24, 5 ITHIZBVT AV RREOK E B LA — FUHBOEEE T RE
EBF32LT, RAILVDZAHDO—HWEER - RRL TS, ,Cp DEEIET X 512BH ptoc 2F
FR L. AB, ¢C; DBEEICIX Listing 3N EN3dDL T3, 272, MEITESLEERD
WEEZMIMTIFTEL Z k.
(2) oCp RERNICORDZZLBTES. LTOMWEER L.
(2a) -RORD (2a-1), (22-2) WEED X. B, ZOREFE > TRAINVD=ZATHEMESL ZLHTES.

2Ok =y | e |

(2b) BRI ,Cr B RD 2B crec ZEMEH 27201Z, Listing 4 D (2b-1)~(2b-3) %2 D .

The number of combinations where k elements are chosen from n different ones is denoted as ,,Cx and can be

obtained by »Cj = - Also, let 0! = 1.

n!
(n—k)lkt”
(1) nCy can also be found using Pascal’s triangle. The function ptoc shown in Listing 1 creates and outputs

the first 10 rows of Pascal’s triangle, and if k < n and n is within a certain range, it finds and returns the

value of ,,Cj corresponding to n and k set by the arguments from the created Pascal’s triangle. Listing 2

shows Pascal’s triangle output by the function ptoc. Answer the following questions.

(1a) Answer the values of 4C> and 3C.
(1b) Among the ,,Cj that can be obtained by the function ptoc, answer the maximum value and the

values of n and k at that time.
(1c) Fill in the space (1c-1) in Listing 1 to set the return value of the function ptoc (the value of ,Cy).
(1d) The function ptoc performs unnecessary computation and memory allocation for the specified n and

k. To reduce the waste, by changing only the size of the memory allocation and the loop processing
conditions in lines 7, 10, 11, 13, 24 and 25, modify the function ptoc to create and display a part of
Pascal’s triangle and then to return the value of ,,Cy. Listing 3 shows the case of §C3. The answers

should be written by the pairs of the line number and changed statement.
(2) nCk can also be obtained recursively. Answer the following questions.

(2a) Fill in the spaces (2a-1) and (2a-2) in the following equation. This equation can be used to construct

Pascal’s triangle.

nOk = 1oy |+ 1 Teen |

(2b) Fill in the spaces (2b-1) to (2b-3) in Listing 4 to complete the function crec to find , C recursively.




Listing 1: function ptoc

1 int ptoc(int n, int k) {
2 int i, j, m = 10;
3 int **tp
4
5 if(n < 0 & n >= m) exit(1l);
6
7 tp = malloc(31zeof(1nt *) * m);
8 if (tp == NULL) exit(1);
10 for (1 = 0; i < m; i++) {
11 tpli] = (1nt *)malloc(sizeof (int) * m);
12 if (tp[i] == NULL) exit(1);
13 for (j = 0; j < m; J++){
14 if (§ == 1) {
15 tplil [j]1 = 1;
16 break;
17 } else if (§ == 0) {
18 tplil [ji =1;
19 } else {
20 tplil[j] = tpli ~ 11[j - 11 + tpli - 11[j];
21
22 }
23
24 for (i = 0; 1 < m; 1++) {
25 for (j = J <
26 pr1ntf("/5d" tp[l] [J])
27 if (j == i) break;
28
29 printf("\n");
30
31
32 return (1c-1) |;
33 }
Listing 2: resultl
1 1
2 1 1
3 i 2 1
4 1 3 3 1
5 1 4 6 4 1
6 i 5 10 10 5 1
7 i 6 15 20 15 6 1
8 1 7 21 35 35 21 7 1
9 1 8 28 56 70 56 28 8 1
10 1 9 36 84 126 126 84 36 9 1
Listirig 3: result2
1 1
2 1 1
3 i 2 1
4 1 3 3 1
5 i 4 8 4
6 1 5] 10 10
7 1 6 , 15 20
Listing 4: function crec
1 int ¢rec(int n, int k) {
2 if ( (2b-1) | return 1;
3 return crec( (2b-2) |) + crec( (2b 3)
4}
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AEY FD2ER X = 232270110 13025 15 DBEERZ LS. 0K X <8DEEOZHAL, 9<X<15
DLE1EZHATIHEAGORERE C 2D hiw,
(1) B C 2FEFT 24D, TOINV/ —RETHRIE L,
2 Q) DAN/—REb LI, bo L IBELABABORERD &,
(3) (2) PEMEBORE b LT, HEE C % NAND ¥'— F DAHW TR L.
4 B -9%25Fy b2 0FilTRY,
(5) & C 2EEROMERDOAZH TR L.

A 4-bit- binary number X = 23222120 takes an integer value from 0 to 15. Our goal is to design a
combinatorial circuit C that outputs 0 iff 0 < X < 8and 1if 9 < X < 15.
(1) Complete the Karnaugh map below to design a circuit C.
(2) Find the simplest sum-of-products form using the Karnaugh map in (1).
(3) Design a circuit. C using only NAND gates based on the simplest sum-of-products form in (2).
(4) Show the 5-bit 2’s complement of an integer —9.
(5) Design a circuit C using only multiple full adders.

1%} 99 | 01 | 11 10

X3Xa

00
01
11
10

F1 v/ —B (Karnaugh map)
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378 5 (Question 5)

BWEEREFLY; =xIB+& (i=1,...,n) 8EX 3. TIT, BcRrZERRE, x; € RP BRHARHT
Y, e:=(e1...6,)T 13FH 0 € R, HBHTEITH = € RV OFERIERS D HHMIH X 3HERERT
H5. Thbb, e~N(OX) TH3. WEME (yi,x) (i=1,...,n) HLT, B:=(XTX) ' XTy tE&HT

5. ZZT
x7 N
x;‘f Y2

X:=| "R, y:=|" | eR*" TH5. rank(X)=p ZRET 5.
X;I.,j Yn

(1) B, ergmin(y —XB)"(y - XB) OBLBHILERE. D%, B B ORI _FHEER L 2 5.

(2) p=1 DA, B=wa¢/2azf L7235 BRE.
i=1

i=1
(3) B, B OMREEERTH 3 L2 TE.
(4) B OHBIEHEATH] Var[f] 2R &.

(5) FE—2HK (heteroscedasticity) & XD RAE K. £, MEOREERE T VBREG—FRERFO XS
Y oflz0oHITX.

Consider the linear regression model ¥; = x7B+¢; (i =1,...,n), where B € RP is the regression coefficient
vector, X; € RP is the explanatory variable vector, and € := (e;. ..sn)T is a random vector drawn from a
multivariate normal distribution with mean 0 € R™ and covariance matrix ¥ € R**", i.e. € ~ N(0,X). For a
xi 1
« - x3 Y2
data set (y;,%x;) (i=1,...,n), define B:= (X"X)"'XTy,where X :=| " | eR”P,andy:= | | €eR™
X5 Yn

Assume that rank(X) = p.
(1) Show that B is the solution of arg ngn(y — XB)T(y — XB). That means (3 is the ordinary least squares

solution.

n n
(2) Consider the case p = 1. Show that B= z ZiYi Z z2.
=1

=1
(3) Show that (3 is an unbiased estimator of 3.
(4) Determine Var[Q), i.e. the covariance matrix of B.

(5) Explain what heteroscedasticity is, and give an example for ¥ that models heteroscedasticity.
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(1) %77 ADERENET B2 =%y F7—2 0k, HABCEBUTOXIICERSNEY 7 boy
7 ABIBAE S L 5B,

exp(z;)
> exp(2;)

T, zR@BRZIAVTHD, 2 BED I FHOEEREZET (softmax(z); X, z%2 Y 7 b=y 7 ABBICA
HLTBoNIERDIL,  BHOBERERZRT) .

V7 ey 7 ABBUCEBU T OHERSH 3 2 L 2RE.

softmax(z); =

softmax(z); = softmax(z + c);

2RL, cRIRTOBEEBRALRAD ST —c 5B BRI ML ET S,
¥, FROV I by 2 ABEEOWERHEST, V7 ey ZADAIBREL oTh, A—N—T7u-—
PEEBVEIIY T roy ZADE—N—7u—HEEEZ k.

(2) k-iEf#¥% (k-nearest neighbors) Y7 A=Y XA DEMEREZ 150 FU L2 M- THPIC k. 7, k-
EHFEFZ VTV ZLDRAY y FETAY Y MZOWT, ZREFN 2D OBRL.

(1) In multi-class classification problems, for the output layer of neural networks often the following softmax

function is used:

exp(2:)
> g exp(2;)

softmax(z); =

where z is a vector and z; is its i-th element (softmax(z); represents the i-th output when vector z is input

to the softmax function).

Show that the softmax function has the following property:

softmax(z); = softmax(z + c);

where c is a vector, with all its elements equal to a scalar constant c.

Also, show how the above property of the softmax function can be used to avoid overflow if any of the

input values to the softmax function becomes very large.

(2) Explain in your own words the k-nearest neighbors classifier algorithm (explain using more than 100
words). Also, explain 2 advantages and 2 disadvantages of the k-nearest neighbors algorithm.
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REAEE X ZNE TIIREL APIEEEIONT, 00 FRETCERCIELOE. B LENSETFoTVAEY
BE, ERERE - A ERNECETIBEDFEEE —DES, TOMEL L BT, HkERKoEE% 400 F
BECIHEY L. MEMREERRIITAY L.

Describe the outline of ,your‘ undergraduate study or the research project you were engaged in, in approximately
200 words. If you have never been engaged in them, then choose one of the recent topics on Informatics and Data
Science you are interested in, and explain, as well as its outline, why the topic interested you in approximately
200 words. Write your answer on the answer sheet.



